We present the free energy of a single-chain mean-field model for polymer melt dynamics, which uses a continuous (tube-like) approximation to the discrete entanglements with surrounding chains, but, in contrast to previous tube models, includes fluctuations in the number density of Kuhn steps along the primitive path and in the degree of entanglement. The free energy is obtained from that of the slip-link model with fluctuating entanglement positions [J. D. Schieber and K. Horio, J. Chem. Phys. 132, 074905 (2010)] by taking the continuous limit of (functions of) the discrete Kuhn-step numbers and end-to-end vectors of the strands between entanglements. This coarse-graining from a more-detailed level of description has the advantage that no ad hoc arguments need to be introduced. (2003)]. The free energy reduces to that of Read et al. under their assumptions of a homogeneous Kuhn-step number density and a constant degree of entanglement. Finally, we show how a transformation of the primitive-path coordinate can be applied to make the degree of entanglement an outcome of the model instead of a variable. In summary, this paper constitutes a first step towards a unified mathematical formulation of tube models. The next step will be to formulate the dynamics of the primitive-path conformation and the entanglement density along the primitive path. Now that the free energy is known, statistical mechanics can be employed for this purpose.
I. INTRODUCTION
Rheological models for polymer melts exist on different levels of description. The most coarse-grained is the continuum level, for which the set of variables in most cases consists of only a tensor (typically the stress tensor) or of a tensor and a scalar (usually the second moment of the orientation distribution and an average stretch factor) from which the stress tensor is to be calculated. In the field of continuum rheology, over the last two decades, a substantial part of the modeling work has been guided by thermodynamic principles. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] The conditions for thermodynamic admissibility of models with one tensorial and one scalar variable were derived by Öttinger 7 and Hütter et al., 10 using the General Equation for Non-Equilibrium Reversible-Irreversible Coupling (GENERIC). [11] [12] [13] Within this framework, the thermodynamic admissibility of some continuum models has been verified. [14] [15] [16] The continuum level of description allows for solving complex flow problems, at the cost of a large number of model parameters to be determined by separate experiments. It is common to apply a discrete linear viscoelastic relaxation spectrum. The a) schieber@iit.edu. parameters then include a modulus and a relaxation time for each mode, and usually one or more parameters per mode to capture the nonlinear viscoelastic behavior.
On the other hand, the level of description of the kinetic theory, developed by Curtiss and Bird, 17, 18 is more detailed. Instead of the usual seven variables (six independent tensor components and a scalar) of continuum models, it is formulated in terms of the full conformational probability distribution of a chain. From the kinetic theory, closed-form evolution equations for continuum-level variables can sometimes be derived. This generally requires a choice between different possible closure approximations, which may yield different results (as shown for dumbbell models by Zylka and Öttinger 19 ) or even violate thermodynamics.
to predict the damping function without any adjustable parameters, the tube model became much more ubiquitous. It describes the dynamics of a single chain, restricted to move within a tubular region that mimics the topological constraints imposed by surrounding chains. Various extensions of the Doi-Edwards theory have been developed in order to obtain favorable comparisons with an ever wider variety of experiments, in terms of types of deformations as well as materials. The tube model of Likhtman and McLeish, 26 for example, captures linear viscoelasticity of monodisperse polymer melts very well. It incorporates distinct physical processes thought to govern tube dynamics: reptation, 21, 25 constraint release, 27 contour length fluctuations, 27, 28 and longitudinal Rouse modes. Agreement with linear viscoelastic data of branched and/or polydisperse polymer melts has been obtained by adding more physical processes, like dynamic dilution for stars 29, 30 and tube dilation for bidisperse linear chains. 31, 32 These models are mathematically very different from the tube model of Likhtman and McLeish. 26 Linear viscoelastic tube models thus seem to be branching out rather than converging towards one unified theory. Moreover, they are unable to predict the rheological behavior of polymer melts in flow, for which yet another set of models has been derived from the Doi-Edwards theory. One of the most successful nonlinear models is the GrahamLikhtman and Milner-McLeish (GLaMM) model, 33, 34 which also combines several physical processes. Besides reptation, constraint release, and contour length fluctuations, as proposed for linear viscoelasticity of monodisperse linear melts, the GLaMM model includes chain stretching and convective constraint release. It describes the evolution of the ensembleaveraged conformational correlation between each segment of the primitive path (the centerline of the tube) and its neighbors. In this respect, the GLaMM model is more detailed than previous works (e.g., Mead et al., 35 Ianniruberto and Marrucci 36 ) in which the segments are uncorrelated, as in the original Doi-Edwards tube model. Graham et al. 34 determined some of the GLaMM parameters (the plateau modulus, the relaxation time of a tube segment, and the average molecular weight between entanglements) by fitting the Likhtman-McLeish model to small-amplitude oscillatory shear data. With the parameter values thus obtained, the GlaMM model was shown also to predict these data accurately.
Read 37 investigated some assumptions made by Graham et al. 34 and, based on his results, Read et al. 38 refined the GLaMM model. Only small differences in transient shear viscosity calculations were observed, but the merit of their contribution is that it places GLaMM on a firmer thermodynamic basis. Specifically, in the model of Read et al., 38 static and dynamic properties of the chain are consistently derived from a free energy definition.
The models discussed so far cover a range of levels of description, from the continuum to different levels of molecular detail. However, even the more molecular ones are still deterministic. Hua and Schieber 39 developed a stochastic model for a bead-spring chain in a tube, which avoids many of the assumptions made in deterministic models. Not only the longitudinal motion of the chain but also the dynamics of creation and destruction of entanglements are formulated as stochastic processes, in contrast to most tube models.
The thermodynamically consistent reptation model of Öttinger 40, 41 and Fang et al. 42 is another stochastic model. Its variables are the stretch of the primitive-path length and the distribution function for the orientation of individual tube segments. Correlations between segments, as for example in the GLaMM model, are not considered. Fang et al. 42 compared their model to that of Hua and Schieber, 39 which is also stochastic, and to the Mead-Larson-Doi (MLD) model, 35 which is deterministic. They found that the predictions for several types of flow were similar. Furthermore, shear flow predictions were in good agreement with experimental data. The adjustable parameters are (for the Hua-Schieber model) the reptation time and the number of beads per chain, (for the MLD model) the plateau modulus, the reptation time, and the Rouse time, and (for the thermodynamically consistent reptation model) the plateau modulus and the reptation time.
The slip-link model 43 resides on a more detailed level of description than tube models and the Curtiss-Bird kinetic theory. It also considers a single chain in a mean field, but the topological constraints are modeled as slip-links, through which the Kuhn steps can slide from one strand to the next (a process called sliding dynamics). Thus, on this level, the concept of an entanglement becomes well defined. Key assumptions of monodisperse and bidisperse tube models have been examined by means of the slip-link model, which does not require the same assumptions. For example, constraint release is often modeled as three-dimensional Rouse-like motion of the tube. Khaliullin and Schieber 44 implemented constraint dynamics (the creation and destruction of entanglements anywhere on the chain) in the slip-link model in a rigorous way, which, in equilibrium, is consistent with the process of creation and destruction at the chain ends by sliding dynamics. They found that constraint dynamics is not well described by three-dimensional Rouse motion, although the resulting error in the relaxation modulus is canceled by the factorization of sliding and constraint dynamics contributions. Khaliullin and Schieber 45 showed that only the slip-link model simultaneously predicts the linear viscoelastic behavior of monodisperse and bidisperse melts. Moreover, their results demonstrate that the relaxation modulus of bidisperse melts agrees with neither the factorization assumption nor a mixing rule used by Tsenoglou 46 and Van Ruymbeke et al. 47 based on the double reptation concept. 48 The conclusions that constraint dynamics differs from three-dimensional Rouse motion and that its contribution to the relaxation modulus, in bidisperse systems, does not factorize with that of sliding dynamics are supported by experimental and theoretical work of Watanabe et al. 49 
Khaliullin
50 also successfully used the slip-link model to predict the linear viscoelastic behavior of three-armed stars, as well as the transient shear viscosity of monodisperse linear melts. However, contrary to experimental data, a significant strain softening was observed in uniaxial extension at high strain rates (for strains 2). Current work is focused on removing some of the few remaining assumptions of the model, namely, that the free energy contributions of the strands always remain Gaussian, that the dangling ends are never deformed, and that constraint dynamics is consistent with equilibrium sliding dynamics (which disregards the influence of flow). In the worst-case scenario that these modifications do not improve extensional flow predictions, one could argue that there is no hope for the less-detailed tube models to reproduce extensional viscosity measurements, other than through some cancellation of errors induced by their assumptions. A more promising path may be to include additional physics in the slip-link model or to switch to a multi-chain level of description. [51] [52] [53] [54] [55] As an example of new physics, fluctuations of entanglements around affine motion have already been added to the slip-link model by Likhtman 56 and Schieber and Horio. 57 Read et al. 38 also included this phenomenon in their tube model, but at the same time they made a few strong assumptions, which are discussed in Sec. III C.
The slip-link model with affinely moving entanglements, which we call the fixed slip-link model (FSM), 43, 44, 58, 59 has only two adjustable parameters: a characteristic time scale τ K , associated with sliding of one Kuhn step through an entanglement, and a parameter β, which is approximately equal to the average number of Kuhn steps between entanglements. The model of Schieber and Horio 57 with fluctuations of the entanglement positions around affine motion, which we call the mobile slip-link model (MSM), has a third adjustable parameter n that governs the size of these fluctuations. The parameter N K , the total number of Kuhn steps in the chain, is not adjustable but follows from the chemistry of the polymer. For the FSM, β may be determined a priori from atomistic simulations. 60 In a forthcoming paper, we will discuss how to obtain β and n for the MSM, again from atomistic simulations.
The variables in the FSM, which are all stochastic, are the number of strands, the number of Kuhn steps in each strand, and the end-to-end vectors of the strands. The additional stochastic variables in the MSM are the end-to-end vectors of the virtual springs, which connect each slip-link to an affinely moving anchor. After coarse-graining out the virtual spring conformations, the MSM has the same number of variables as the FSM. 61 Schieber 62 demonstrated that the FSM can be cast in the GENERIC form of non-equilibrium thermodynamics. The analogous derivation for the detailed MSM will be presented elsewhere. Since Schieber 62 did not specify the form of the free energy, his results hold for the coarsegrained MSM upon substitution of its variables for those of the FSM.
The major drawback of the slip-link model is its computational cost, and hence limited applicability outside typical laboratory experiments, such as linear viscoelastic measurements and homogeneous flows like shear, uniaxial extension, and biaxial extension. To solve more complicated flow geometries, one could pick a suitable candidate from the less-detailed levels of description indicated above. On the tube level, however, there is clearly no unified theoretical framework. Our objective is to provide such a framework by systematically coarse-graining the slip-link model. Here we focus on finding tube-like free energy expressions, starting from the MSM that already has the entanglement fluctuations coarse-grained out. This is the subject of Sec. III. The detailed MSM is discussed first in Sec. II.
II. MOBILE SLIP-LINK MODEL
In the slip-link model as well as the tube model, if we disregard the dangling ends for a moment, the primitive path of the chain is completely determined by the positions of the entanglements. It is not affected by the sliding of Kuhn steps through entanglements as long as this leaves the number of strands intact. (Note that the common practice of talking about entanglements and strands as discrete objects in the tube model, to which we adhere for convenience, is in fact incongruous.) The primitive path changes only when entanglements are created or destroyed or when they move in space, which, as explained in the Introduction, happens affinely with flow in the fixed slip-link model. 43, 44, 58, 59 Since chains are subject to Brownian motion, it seems realistic to add a fluctuating component to the motion of entanglements. This was done for example by Likhtman. 56 Here we use the similar mobile slip-link model (MSM) of Schieber and Horio, 57 which is a straightforward generalization of the FSM. A coarse-graining procedure is applied to derive a continuous model, where the primitive path can be interpreted as the centerline of a tube. In the limit that the primitive-path fluctuations become vanishingly small, a special case of this tube model is obtained, which alternatively could be derived directly from the FSM. Since the coarse-graining procedure is completely analogous, only the MSM-based tube model is derived here.
Each entanglement in the MSM is described as a sliplink, connected to an anchor in the mean field by a virtual Hookean spring. The model is formulated in the set of variables
where T is the temperature (the only nonstochastic variable), Z is the number of strands, N i is the number of Kuhn steps in strand i, Q i is the end-to-end vector of strand i, and X i is the virtual spring attached to entanglement i. The subscript "d" indicates that the variables are discrete. The free energy of the chain is
under the assumption that the distribution of entangled strand conformations for given numbers of Kuhn steps is Gaussian. Contrary to previous work, the dangling ends (strands 1 and Z) are tracked. Equations (1) and (2) can also be expressed in terms of the positions {R i } of the entanglements (i ∈ {1, 2, . . . , Z − 1}) and chain ends (i ∈ {0, Z}) and the positions {r i } of the anchors, by substituting
The two free energy expressions are not fully equivalent. If all the { Q i } and {X i } are known, then one of the position vectors (or a known function of them, such as the center of mass of the chain) is needed to derive all other position vectors. The parameter n in Eq. (2) is a virtual number of Kuhn steps, which determines the strength of the potentials localizing the entanglement positions.
In the discrete slip-link model, the numbers of Kuhn steps {N i } can take only integer values. Schieber 43 also introduced a "continuous slip-link model," where they were allowed to be noninteger. This simplification was used by Schieber et al. 58, 63 and Nair and Schieber 59 to derive a Fokker-Planck equation for sliding dynamics. Furthermore, they mimicked constraint release by diffusion of the entanglement positions. Both approaches have been superseded in the discrete slip-link model of Khaliullin and Schieber, 44 where sliding dynamics and constraint dynamics are described in terms of jump processes, governed by a differential ChapmanKolmogorov equation. 64 Constraint dynamics involves an entanglement lifetime distribution, which is completely determined by sliding dynamics in equilibrium.
In the present paper, the term "continuous model" indicates that the discrete variables are replaced by functions defined along a continuous chain coordinate. Physically, this corresponds to "smearing out" the entanglements along the primitive path, which, in the discrete model, is given by the set of end-to-end vectors { Q i }. Thus the familiar picture emerges of a chain moving within a confining tube, and therefore we will also use the term "tube model." However, in contrast to most previous works, the "tube diameter" is now stochastic instead of constant. The original slip-link model is called discrete, irrespective of the choice of integer or noninteger Kuhn step numbers, which is not of primary importance here.
A. Continuous limit
Our starting point is the free energy (Eq. (2)). To describe very long chains, as is typically done in tube models, we seek to replace sums with integrals, differences with derivatives, etc. The analog of Eq. (1) in this continuous limit will be denoted by c,e = {T , Z, N(i), Q(i), X(i)} .
The subscript "e" signifies that the coordinate i originates from the entanglement number or, more precisely, the subscript of the discrete positions {R i } of the entanglements and the chain ends in the discrete model. The mathematical description of the tube should be invariant under reversal of its coordinate, i → (Z − i). We take two precautions to ensure this invariance. The first is a relabeling of the strands in the discrete model, in such a way that their numbers are at the midpoints between those of adjacent entanglements (or chain ends). Equations (1)-(3) then become
; see Figure 1 . The second precaution is the use of symmetric continuous limits. If "entanglement variables," whose indices are integers, and "strand variables," whose indices are odd integer multiples of 1 2 , occur in the same equation, then different continuous limits have to be used for these two types of variables. For example, suppose that we have an equation in terms of variables centered at a strand position, i.e., at a value of i that is an odd integer multiple of 1 2 . Then the continuous limits of entanglement variables (here the positions {R i }) and their first-and second-order derivatives are given by
Conversely, the continuous limits of strand variables (here the end-to-end vectors { Q i }) and their first-and second-order derivatives are given by Of course the situation is reversed if we want to take the continuous limit of a discrete equation centered at an entanglement or chain-end position, i ∈ {0, 1, . . . , Z}. The function
is a tangent vector at position i on the primitive path, whose length is the local stretch of the primitive path. We define the discrete variable ν i as the position of the i th entanglement, measured in Kuhn steps along the chain, or equivalently the number of Kuhn steps up to that entanglement. The chain ends are at ν 0 = 0 and ν Z = N K . The number of Kuhn steps in strand i is then
The continuous Kuhn-step coordinate ν(i) and its derivatives follow from Eq. (10) with {R i } replaced by {ν i } and R(i) by ν(i). Note that the discrete entanglement variables are only defined at positions where an entanglement exists, i.e., where the chain contour coincides with the primitive path. This means that they contain no information about the chain contour in between the entanglements. Therefore, in the continuous model, ν(i) represents the positions of Kuhn steps projected onto the primitive path. The function
is the Kuhn-step density around position i on the primitive path and follows, along with its derivatives, from Eq. (11) with { Q i } replaced by {N i } and Q(i) by N(i).
The primitive path can be partitioned into Z intervals of unit length, covering the domain
], where j is an odd integer multiple of 1 2 , represents strand j. Sums of consecutive strand variables can be interpreted as Riemann sums with these unit intervals. In the continuous limit, these sums become integrals over i. For example,
gives the end-to-end vector of the chain, while
gives the total number of Kuhn steps N K . With this procedure of replacing discrete variables by continuous functions, their differences by derivatives, and their sums by integrals, the free energy F( d ) of the chain passing through discrete slip-links can be converted to a free energy F[ c, e ] of a chain in a continuous tube, whose centerline is the primitive path Q(i). However, from a computational point of view, it is desirable to get rid of the primitivepath fluctuations, given by X(i), and replace them by some average. This is done in Sec. III by coarse-graining out the {X i } from the discrete MSM and then taking the continuous limit.
III. COARSE-GRAINED MOBILE SLIP-LINK MODEL
Following Schieber and Horio, 57 we integrate the probability density, related to Eq. (7), over all possible conformations of the virtual springs. As a result, the actual conformations of the strands and virtual springs are no longer known. The free energy is expressed in terms of the anchor connectors {q i } or in terms of the mean strand conformations. 61 Contrary to the previous work of Schieber and Horio, 57 the positions of the chain ends are now tracked. This is done to capture the contribution of dangling ends to the stress, which may become significant in strong flows for at least two reasons. The first is the direct effect of dangling ends being stretched out by the flow. In the original slip-link model, 43, 44, 58, 59 their lengths are assumed to be zero when averaged over time up to time scales of interest. The second reason is the indirect effect of stretched entangled strands becoming dangling ends due to entanglement destruction. In the original slip-link model, after the destruction (by sliding dynamics or constraint dynamics) of one of the outer entanglements, the length of the new dangling end (containing the Kuhn steps from the old dangling end and the adjacent entangled strand) instantaneously reduces to zero. Thus the stress contribution of the old entangled strand vanishes immediately. By keeping track of the position of the chain end, the new dangling end continues to contribute to the stress while it relaxes on a finite time scale. As explained in Appendix A 1, we attach each chain end to a bead, whose position is calculated using a Langevin equation. The only way to preserve this information on the coarsegrained level of description is to keep the bead positions fixed when integrating over the virtual spring conformations. If the beads are left free, their mean positions (which minimize the free energy 61 ) coincide with those of the outer entanglements. The primitive path, in terms of the mean strand end-to-end vectors, then includes only the entangled strands.
The second coarse-graining step is to take the continuous limit, which converts the slip-link model to a tube model. Since the entanglement positions fluctuate, it seems reasonable to assume that some disentanglement takes place at the ends of the tube. The fluctuations of the chain end J. Chem. Phys. is split into a "strand," Q * 1 2 and a "spring," X 0 .
positions should be comparable to those of the entanglement positions. Therefore we take the number of disentangled Kuhn steps equal to n, the fictitious number of Kuhn steps in the virtual springs. To anticipate this, in the MSM we divide each dangling end into two parts, one adjacent to the entanglement containing N * E = N E − n Kuhn steps, where
}, and the other adjacent to the chain end containing n Kuhn steps. This is illustrated in Figure 2 . Then we change variables to *
where
The corresponding free energy is
The outer parts of the dangling ends, X 0 and X Z , are treated similar to the virtual springs: their ends (the bead positions) are kept fixed while their conformations are integrated out in the first coarse-graining step. 61 The total number of Kuhn steps along the redefined primitive path (the set of strand end-to-end vectors
The equilibrium probability density follows as
where J is a normalization constant, β is defined as
and μ e is the chemical potential conjugate to Z, the number of strands. 43 The Dirac delta function in Eq. (26) restricts the total number of Kuhn steps to N K − 2n, in accordance with Eq. (25) . Integration of Eq. (26) over all possible end-to-end vectors of the strands and virtual springs, and subsequently over all possible Kuhn-step numbers as explained in Appendix 2 of Schieber and Horio, 57 reveals the equilibrium distribution of the number of strands to be
This is Poissonian, as in the FSM (Ref. 43 ) and the MSM without modified dangling ends. 57 Also the dynamics of creation and destruction of entanglements by sliding dynamics change due to the reduced numbers of Kuhn steps in the dangling ends. Destruction occurs when N * E , where
}, reaches zero. This means that there are n Kuhn steps left in the dangling end of the real chain (N E = n). Creation can only occur when N * E > 0, i.e., when N E > n, if the Kuhn-step numbers are allowed to be noninteger; otherwise creation requires N * E > 1 and hence N E > 1 + n. However, it seems inappropriate to use integer Kuhn-step numbers in combination with the specific treatment of the dangling ends proposed here, since the parameter n must then be integer as well. There is no physical reason for this, since n is merely a virtual number of Kuhn steps that characterizes the strength of the potentials localizing the entanglements.
For convenience, the notation of the redefined (starred) variables is replaced by that of the old variables,
Only the redefined variables are used from now on, so there should be no confusion. By integrating over all {X i }, the variable space is contracted tô
Due to the redefinition of the dangling ends, the anchor connectors are now given by 
(33) with the variance matrix
in units of a 2 K /3. A matrix enclosed in vertical lines |. . . | denotes the determinant of that matrix. Whereas σ is tridiagonal, its inverse has nonzero elements everywhere and cannot be expressed in a closed analytic form for arbitrary n and Z. It is therefore convenient to change variables tô
and use this to rewrite Eq. (33) as
is the inverse of the variance matrix, in units of a 2 K /3, of the distribution of mean strand end-to-end vectors. The last term in Eq. (37) follows from the last term in Eq. (33) and the Jacobian for the change of variables from {q i } to {Q i }.
Although the mean conformations of adjacent strands are coupled by the nonzero off-diagonal elements ofσ −1 , the components of these vectors in different directions are uncoupled, as seen from the fact thatσ −1 ij is proportional to the unit tensor δ for all {i, j}. Similarly, while all anchor connectors are coupled by the off-diagonal elements of σ −1 , their components in different directions are uncoupled. The reason is that, according to Eqs. (32) and (36), the anchor connectors and mean strand conformations are linear combinations of the actual conformations of the strands and the virtual springs, whose components in different directions are uncoupled in the free energy Eq. (7) of the detailed MSM.
Equations (33) and (37) contain the same amount of information; we can go back and forth between them using Eq. (36) and its inverse,
Equations (7) and (24), on the other hand, exist on a moredetailed level of description. Here we no longer know the actual conformations of the strands and the virtual springs, only their mean conformations {Q i } and {X i }, which are interrelated.
61 Equation (36), which has been introduced here for convenience, is also obtained when the free energy in the full variable space * d , given by Eq. (24) , is minimized with respect to the entanglement and chain-end positions {R i } Z i=0 , keeping the numbers of Kuhn steps, the anchor positions, and the bead positions fixed. Hence the {Q i } define the mean primitive path of the chain under these conditions. This was first shown by Read et al., 38 whose model differs from the MSM in a few respects. These differences are discussed in Sec. III C. We have derived the mean primitive path in the same way for the MSM. 
in Eq. (37) . We first derive the continuous limits of these determinants and then turn to the other terms in the free energy
A well-known method of evaluating determinants is the Laplacian expansion, or expansion by minors, which is explained in many linear algebra textbooks. If σ is divided by n and the determinant
is calculated via Laplacian expansion, starting at the lower right, the following recurrence is found,
Here s i is the determinant of the submatrix of n −1 σ that encompasses the rows and columns with indices 1 2 to i − Physically, s i is related to the distribution of Kuhn steps between the chain end at j = 0 and the entanglement at j = i.
Equations (43) and (44) are given the same form as Eq. (42) by setting
The symmetric continuous limits, defined in Eq. (11) but centered at the entanglement and chain-end positions i ∈ {0, 1, . . . , Z}, are used for the {s i }. However, the product N i+ 1 2 s i on the right-hand side of Eq. (42) presents a problem. We therefore use a one-sided definition of the derivative of ν(i),
which is equivalent to placing the discrete strand variable N i+ 1 2 at entanglement i. This yields the ordinary differential equation (ODE)
with the boundary conditions
following from Eqs. (44)- (46) . The subscript [0, Z] denotes the domain of the ODE; the reason for this will become clear later. The continuous limit of the determinant of σ is
which may be calculated by solving Eqs. (48)- (50) numerically. The continuous limit
follows from Eq. (40) . Without the redefinition of the discrete variables, introduced in the first part of this section (before Sec. III A),
s Z−1 /n. In the continuous limit, this would lead to a third boundary condition at the chain end i = Z, thus making Eq. (48) overdetermined. This is avoided by the replacement
entanglements at i ∈ {2, 3, . . . , Z − 2}. Our modified description of the dangling ends is therefore not only attractive from a physical point of view, as explained in the first part of this section (before Sec. III A), but also necessary to obtain a mathematically well-defined tube model.
One might argue that, since we applied Eq. (47) to the Kuhn-step numbers, we should be consistent and also use a one-sided definition of the derivative of s(i)
With the one-sided definition of the derivative, we find ns(1) ≈ 3N(0)/2 + 2n. On the other hand, with the symmetric definition of the derivative given in Eq. (11) but centered at the chain-end and entanglement positions i ∈ {0, 1, . . . , Z}, we find ns(1) ≈ N(0) + 2n. This is more appealing, since it has the same form as ns 1 in the discrete model.
Finally, it is noted that Eqs. (48)- (50) are also obtained when the indices of {s i } are raised by 1 2 and the continuous limit is taken according to s i+ 2 , and analogous expressions for the Kuhn-step numbers. In that case the {s i } and {N i } are both interpreted as strand variables, but they are placed at the entanglements at the starting points of the intervals representing the strands. (In Riemannian calculus, the locations of variables within discrete intervals are arbitrary.)
Before deriving the free energy for the MSM-based tube model, the relation between the discrete anchor connectors and the mean strand conformations is considered. This relation is given by Eq. (39). Fictitious "end strands"
are added to give it the same form everywhere on the primitive path. Its continuous limit is then
with the continuous limit of the matrix σ ij given by the operator
The asterisk in Eq. (55) denotes a general scalar product, which implies that derivatives act on all terms to the right. For convenience, the shorthand (57) is used. The continuous limit of F (ˆ d ), Eq. (37), then becomes
in the variable spacê
Z, N(i),Q(i) .
The Kuhn-step density is subject to the condition
and Eqs. (53) and (54) imply the boundary conditions d di
d di
Looking at this result, without considering the discrete model, nothing prevents us from choosinĝ
Integrating the second term in the integrand of Eq. (58) by parts, using Eq. (63) or (64) and Eq. (65) or (66), we find
which corresponds to a continuous Gaussian chain with a harmonic bending energy. In fact, by integrating the probability density of the discrete MSM over fluctuations around the mean path 38 instead of the virtual spring conformations, either Eq. (58) or (67) can be obtained, depending on how we take the continuous limit. 61 With Eqs. (61) and (62) (67), several statistical mechanical and thermodynamic characteristics of the system can be derived. For example, the equilibrium probability density is
analogous to Eq. (26) . In the remainder of this section, we derive some more properties of the tube model. The derivations of their discrete analogs are given in the Appendix. The tension is obtained by taking the functional derivative of the free energy with respect to the primitive-path tangent, while keeping the temperature T, the degree of entanglement Z, and the Kuhn-step density N(i) fixed,
δQ(i) T ,Z,N(i)
For the definition of the functional derivative and references to related literature, see Gelfand and Fomin, 66 Morrison, 67 or Öttinger. 68 Equation (69) agrees with Eq. (A9) for the coarse-grained discrete MSM. To arrive at this expression from the free energy Eq. (67), the boundary conditions Eqs. (64) and (66) have to be applied, by which we mean that an integration by parts has to be carried out to get rid of terms at the chain ends, using these boundary conditions. The same result is obtained by taking the functional derivative of the free energy Eq. (58) with respect toQ(i). In that case we have to integrate by parts twice and use all four boundary conditions.
The stress tensor can be derived using the principle of virtual work. According to classical thermodynamics, if an infinitesimal amount of work δW is done on a system under isothermal conditions, the resulting change in the Helmholtz free energy of that system is dF = δW .
For an elastic continuum, the work is given by
where V is the volume of the system, τ is the stress tensor and E := (∇u) † is the transpose of the gradient of the displacement field u, or the strain tensor for short. Hence
For a viscoelastic material, Eq. (70) holds only on time scales that are short compared to the time scale of relaxation. Therefore, to derive the stress tensor from a virtual work argument, a step strain
is applied, H being the Heaviside step function, and the change of the free energy is considered at t → 0. [69] [70] [71] [72] The differential of Eq. (73) is
with κ := (∇v) † the transpose of the velocity gradient tensor. In our single-chain mean-field model, the free energy of the system is calculated as the number of chains times the ensemble-averaged chain free energy. Equation (72) then becomes, for a homogeneous deformation,
Here n c is the number of chains per unit volume and the angular brackets denote the average overˆ c,e ,
which involves path integrals over the continuous variables; see for example Kleinert. 73 The measure of integration is defined as
Dx(i) := lim
for discrete strand variables {x i }. The change of the free energy in Eq. (75) is determined by the dynamics of the mean primitive-path tangentQ(i) and the Kuhn-step density N(i). The elastic forces on the beads at the chain ends, Eqs. (A2) and (A3) in Appendix A 1, become
after adding fictitious strands to the discrete model, in accordance with Eqs. (53) and (54), and subsequently taking the continuous limit and applying the boundary conditions Eqs. (64) and (66) . Equation (A8) for the discrete mean-path dynamics involves the matrix σ
ij , which, in the continuous limit, becomes the operator
Applying Eq. (56), we find
and hence
This is a series expansion in terms of the parameter n, which should be small for physical reasons. 74 With the shorthand
the continuous limit of Eq. (A8) for the mean-path dynamics is
This is substituted in dF in Eq. (75), which is then integrated over an infinitesimal time interval around the step strain at t = 0,
All deterministic terms independent of κ vanish identically during the integration, while the stochastic terms are averaged out. The dynamics of the Kuhn-step density N(i) are independent of κ 58, 59 and thus do not contribute to the stress tensor. We avoid having to evaluate σ −1 (i) by taking the differential not of Eq. (67), but of Eq. (58),
The last line follows from integration by parts of the second term in the integrand, applying the boundary conditions Eq. (63) or (64) and Eq. (65) or (66) . According to this final result,
which is equivalent to the stress tensor reported by Read et al. 38 if, like in their model, we assume a constant Kuhnstep density N(i) = N e . The second line of Eq. (86) agrees with the stress tensor for the coarse-grained discrete MSM (Eq. (A11)). Comparison with Eq. (69) shows that
analogous to the stress tensor in the discrete FSM. 44 The virtual spring contributions to the stress tensor are often ignored, based on physical arguments and because Eq. (87) disagrees with the experimentally well-established stress-optical rule. However, as shown here via the principle of virtual work, thermodynamics dictates that these contributions should be included. A way to resolve this paradox, along the lines of Ronca and Allegra 75 (see also Rubinstein and Panyukov 72 and references therein) will be discussed in a following paper.
In thermodynamics, the chemical potential is defined as the derivative of the free energy with respect to the number of particles, keeping all other variables fixed. What these other variables are depends on the free energy chosen to describe the system. As explained in Appendix 
and the free energy
is the continuous limit of Eq. (33) . We assume without proof that the series expansion of σ −1 (i), given in Eq. (83), converges to a function. Since, in that case, no derivatives of N(i)
This result agrees with Eq. (A13) for the discrete coarsegrained MSM, which supports our assumption that σ −1 (i) is a function rather than an operator.
As shown in Appendix A 4, the functional derivative of s [0,Z] (Z) can be written as
Equations (94)- (96) have to be solved numerically. The final expression for the chemical potential is
Contrary to the result from the FSM, 58, 59 this is not quite local: the last term involves the solutions at i and Z of the ODE given in Eq. (48) 
B. Tube approximation in Kuhn-step coordinates
It is important to note that the upper limit of integration Z in Eqs. (58) and (67) fluctuates in time. It might be more desirable to change variables so that all limits are constants. One way to accomplish this is by introducing the rescaled primitive-path coordinate k = i/Z. Derivatives can be transformed as follows:
A different approach, which is explored here, is to use ν as the coordinate along the primitive path instead of i. The following variables are chosen to describe the system,ˆ
The tangent vector is then formulated aŝ
is the inverse of the Kuhn-step density; see Eq. (14) . It satisfies
in accordance with Eq. (60). Thus Z follows from ψ(ν), which is why it is not included as a variable inˆ c,K . The average overˆ c,K is
with the measure of integration defined as
for discrete variables {x ν } centered at the Kuhn steps. Taking the equilibrium average of Eq. (101) yields
In the discrete model with noninteger Kuhn-step numbers, the right-hand side corresponds to 1/β + 1/(N K − 2n), where 1/β is the probability to find an entanglement while moving along a chain with a random-walk conformation. 43 In our case, we would move from the (n + 1)th to the (N K − n)th Kuhn step of the real chain.
Derivatives with respect to i are transformed as follows:
The replacement δ(i) → δ(ν)/ψ(ν) preserves the normalization of the Dirac delta function while changing the measure of integration, di → ψ(ν)dν. Equations (56)- (58) then become
and
The factor ψ(ν) outside the brackets in the integrand is due to the change of integration measure. For the same reason, since σ (ν) involves an integral operation, an additional factor ψ(ν) appears in the first term inside the brackets.
Equations (63)- (66) are equivalent to
respectively. Integrating the second term in the integrand of Eq. (109) by parts, using the boundary conditions, yields the free energy
The same result is obtained directly when the coordinate transformation from i to ν is applied to Eq. (67). Substitution of Eqs. (105) and (106) in Eqs. (48)- (50) shows that
The equilibrium probability density is given by
The term − ψ(ν)log β dν in the exponent comes from the prefactor β −Z , see Eq. (68), which is rewritten using Eq. (101). The term − 2log ψ(ν) dν appears because the probability density is multiplied by the Jacobian for the change of variables from N(ν) to ψ(ν). This is explained in the supplementary material. 61 There is no need for a Dirac delta function to keep the integral 
and the stress tensor is
where the second line is obtained by partial integration using the boundary conditions Eqs. (111) and (113). The first line shows that
The expressions for p eq [ˆ c,K ], T (ν), and τ are equivalent to those derived in Sec. III A, except for a factor ψ, or 1/N, in Eqs. (119) and (120) 
Here ψ(ν) has been replaced by N(ν) = ψ(ν) −1 merely for convenience of notation. The free energy in terms of these variables is
Equation (107) can be used to derive
which leads to
Again the shorthand
is applied and it is assumed that the series converges to a function. Then 
analogous to Eqs. (94)- (96). Anticipating that Eqs. (128)-(131) will be used in combination with Eq. (133) below, they are expressed in terms of the entanglement density instead of the Kuhn-step density. Finally, the functional derivative of the free energy for fixed T and q(ν) is 
obtained directly by applying the coordinate transformation to Eq. (97). Here ψ(ν) has been substituted back for N(ν) −1 .
C. Comparison with the model of Read et al. 38
In the discrete model of Read et al., 38 here denoted by the initials of the authors' surnames RJL, each Kuhn step is described as a spring connecting two beads. The position of each bead is localized by a virtual spring with parameter N s . Thus the RJL model can be seen as an intermediate between the MSM and a tube model. It contains no information about the distribution of entanglements on the chain, or equivalently the distribution of Kuhn steps among entangled strands. If, starting at a chain end, every N e consecutive virtual springs are lumped into one virtual spring with parameter n, a special case of the MSM is obtained, with N e Kuhn steps in each entangled strand and N e /2 in each dangling end. The number of strands is then Z = N K /N e + 1, equal to the equilibrium average of the fluctuating number of strands Z in the FSM and the MSM (allowing noninteger Kuhn-step numbers, otherwise the result is slightly different; see Schieber 43 ). Read et al. 38 first coarse-grained the discrete RJL model by integrating over fluctuations around the mean path of the chain, then took the continuous limit, and finally changed the variable of integration from a Kuhn-step coordinate to an entanglement coordinate. In this last step, they introduced the number of Kuhn steps per strand N e , which is constant because the virtual springs are rigidly attached to the chain. Furthermore, N e was assumed homogeneous along the entire chain, including the dangling ends; hence Z = N K /N e . Having Z and N e as parameters (requiring assumptions) is the only possibility, given the level of detail in the discrete RJL model. By contrast, in the MSM, the number of strands Z and the numbers of Kuhn steps in the strands {N i } are fluctuating variables. As shown in Sec. III A, taking the continuous limit, the latter are replaced by a fluctuating number density N(i).
In the discrete RJL model, a virtual spring is always attached to the same "chain bead" connecting two Kuhn steps, while its other end is attached to an "anchor bead." Longitudinal motion of the chain is possible because both kinds of beads have finite friction coefficients: ζ 0 and ζ a for chain beads and anchor beads, respectively, with ζ 0 ζ a . 38 Despite the addition of the virtual springs, the dynamics of reptation, stretch relaxation, and contour length fluctuations are adopted from the GLaMM model. 34 Constraint release events are modeled as random instantaneous displacements ("hops") of virtual springs. The dynamics of these hops are derived using a detailed-balance argument, contrary to the more common three-dimensional Rouse motion. In the MSM, each entanglement consists of a slip-link, connected by a virtual spring to a fixed anchor. Longitudinal motion is the result of Kuhn steps moving through the slip-links, a stochastic process called sliding dynamics, which is driven by chemical potential differences between the strands. 58, 59 Entanglements are created and destroyed at the ends of the chain by sliding dynamics and along the whole chain by another stochastic process called constraint dynamics, which is determined self-consistently. 44 Read et al. 38 derived the mean path of the chain by minimizing the free energy with respect to the positions of the chain beads. Integrating the probability density over all fluctuations around this mean path and taking the continuous limit, they obtained a tube free energy, which is given by Eq. (114) if we take ψ to be constant, substitute ψQ(ν) = dR/dν and n/ψ = N s , and change the limits of integration to 0 and N K . (They did not consider the outer n Kuhn steps to be disentangled, like we did in Sec. III.) The constant terms involving the logarithms of ψ and s can be ignored, since they can be incorporated in the normalization factor for the probability distribution. The free energy is then
Read et al. 38 subsequently replaced the independent variable
The result is given by Eq. (67) if we substitute N(i) = N e , nN e = N s , andQ(i) = dR/di. Thus, again within constants,
(135) The rescaling of the number of virtual Kuhn steps between the two models has the mechanical analog of replacing N e springs with elasticity coefficient 1/N s , connected in parallel, by a single spring with elasticity coefficient 1/n = N e /N s , or vice versa.
IV. DISCUSSION
Free energy expressions for models of polymer dynamics, based on the simplified representation of discrete topological constraints by a continuous tube, can be derived by systematic coarse-graining of slip-link models, which are more detailed. This is a step towards unifying both types of models, while preserving their advantages: consistency with nonequilibrium thermodynamics (as demonstrated for the sliplink model by Schieber 62 ) and computational efficiency (one of the reasons for the popularity of tube models). This coarsegraining procedure is here applied to the mobile slip-link model (MSM). 57 Sums over discrete strand variables are first replaced by functional integrals over the primitive path with coordinate i, the entanglement number. Because the upper limit of integration (the degree of entanglement Z) is fluctuating, a rescaling of the primitive-path coordinate i → i/Z is recommended. This rescaling is not applied in the present paper, for reasons of ease of comparison with the original, discrete MSM. A transformation to the coordinate ν, the label of Kuhn steps along the primitive path, also ensures that the limits of integration are constant. An additional advantage of the model in this coordinate system is that Z is no longer a variable, but follows from the integral of the entanglement density ψ(ν) = di/dν. We therefore prefer the MSM-based tube model of Sec. III B over that of Sec. III A.
The main result of this paper is the free energy of a chain with continuous (tube-like) topological constraints, Eq. (114), which is derived from a version of the discrete MSM in which fluctuations in the entanglement positions are already coarsegrained out. 57 The continuous model includes fluctuations in the entanglement density along the primitive path (and consequently in the degree of entanglement of the chain) and the conformation of the primitive path. The free energy reduces to that of the RJL model 38 if we introduce their assumptions: a constant number of entanglements and a homogeneous distribution of entanglements on the chain. Without fluctuations in the entanglement positions (n = 0) a continuous version of the fixed slip-link model 43, 44 is obtained. A direct comparison with other tube models, like GLaMM, 34 is not obvious because there the dynamics of the dependent variables are not derived from a free energy. Usually no free energy is even specified, although it may be inferred from the definition of the stress tensor that is used.
Expressions for the equilibrium probability density, the tension in the chain, the stress tensor, and the chemical potential are derived from the free energy. These may be used as a point of departure to model the dynamics of the entanglement density and the conformation of the primitive path in flow, as well as for further coarse-graining to the level of continuum models, which consist of deterministic evolution equations for averaged quantities, such as the stress tensor. With this bottom-up approach, thermodynamic consistency can be maintained at all levels of description.
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APPENDIX: DYNAMICS AND PROPERTIES OF THE COARSE-GRAINED MSM
The dynamic equation for the mean strand conformations is derived here for the discrete MSM with free energy F (ˆ d ) according to Eq. (37). Creation and destruction are not considered. Therefore the conformations only change due to flow and shuffling of Kuhn steps across entanglements. In addition, the following statistical mechanical and thermodynamic properties of the discrete MSM are derived: the tension in a strand, the stress tensor, and the chemical potential of a strand. These can be compared to the analogous results for the MSM-based tube model in Sec. III A.
Dynamics of the mean primitive path
Affine motion of the anchors is assumed,
The springs at i = 0 and i = Z, which correspond to the disentangled ends of the chain, are connected to beads instead of fixed anchors; see Figure 2 . The elastic forces on these beads are given by
Thus the mean primitive path does not move affinely. The continuous limit of Eq. (A8) is given in Eq. (84).
Strand tension
The tension in strand i is the partial derivative of the free energy with respect to the end-to-end vectorQ i for constant temperature T, number of strands Z, numbers of Kuhn steps {N j }, and end-to-end vectors {Q j =i }, of all the entangled strands according to Eq. (36) . The tension inω d coincides with the mean strand tension in the detailed MSM, which is the average strand tension for fixed Kuhn-step numbers and anchor connectors; see Eqs. (S8), (S33), and (S34) in the supplementary material. 61 
Stress tensor
The stress tensor is derived from the principle of virtual work, as explained in Sec. III A. The procedure is the same, but now the discrete free energy Eq. (37) and mean-path dynamics Eq. (A8) are used. Consequently, we find 
Chemical potential
In the FSM with noninteger Kuhn-step numbers, sliding dynamics is driven by chemical potential differences between the strands. 58, 59 The chemical potential of strand i is defined as the partial derivative of the free energy with respect to N i . This means that all other variables of the FSM, {T , Z, {N j =i }, { Q j }}, are kept fixed. In the MSM, we have two different variable spaces,ω d given by Eq. was assigned to entanglement i to take the continuous limit according to Eq. (47) . The same will be done here with the chemical potential, μ i+ 1 2 → μ(i). Therefore we consider the derivative with respect to N i+ 1 2 . It is convenient to use the Laplacian expansion starting at the (i + 
where two additional terms independent of N i+ 1 2 have been omitted. The derivative is then ∂|σ | ∂N i+ 1 2 = n Z−1 s i u Z .
The determinant of the top left submatrix in Eq. (A15) is n i s i . As explained in Sec. III A, its continuous limit n i s(i) is the solution of the ODE Eq. (48) with the boundary conditions Eqs. (49) 
Equations (A18) and (A19) are cast in the form of Eq. (A17) using
Additionally, Eq. (A20) is given the same form by setting
In the continuous limit, we obtain the ODE (94) with boundary conditions Eqs. (95) and (96). In the case of fixed sliplinks, n = 0 and our method of evaluating |σ | as well as its derivative with respect to N i cannot be used. However, in that case, we simply have
∂| log σ (n = 0)|
andQ i (n = 0) = Q i (n = 0) = q i . Hence Eq. (A14) reduces to the chemical potential of the FSM. 59 
